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Mixed Oxides of the Type MO2 (Fluorite)- M203. III.* 
Crystal Structures of the Intermediate Phases ZrsSe2013 and Zr3Se4012 
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The structures of the intermediate phases ZrsSc2013 and Zr3Sc4Ol2 in the system ZrO2-Sc203 have 
been determined from intensity data obtained with a H/~gg-Guinier focusing X-ray powder camera 
and Cu Ket radiation. The space group in both cases is R3, and the hexagonal unit-cell dimensions 
are respectively a=9-53(2), c=17.44(2),~ and a=9.37(8), c=8.71(0)A. Both these structures are 
derived from the fluorite-type parent MO2 by ordered omission of oxygen atoms; the observed rhombo- 
hedral distortion is the result of lattice relaxation. It is possible to recognize structural sub-units from 
which these and other fluorite-related structures can be built up. Such sub-units are likely to play an 
important role in any adequate description of grossly non-stoichiometric phases. 

Introduction 

Studies in the binary rare-earth oxide systems MOz 
(M = Ce, Pr, Tb; 1-5 < x < 2.0) have revealed the equi- 
librium existence of low-temperature, ordered, inter- 
mediate stoichiometric phases closely related in struc- 
ture to the parent fluorite type. Each intermediate 
phase decomposes peritectoidally (at successively 
higher temperatures as x decreases) to form, in most 
cases, another ordered phase with lower x and the 
disordered, grossly non-stoichiometric e phase, or, in 
the case of M7012, two distinct non-stoichiometric 
phases, ~ and a, whose 'average' structures appear to 
be fluorite type and rare-earth C type respectively 
(Bevan, 1955; Brauer & Gradinger, 1954; Bevan & 
Kordis, 1964; Hyde & Eyring, 1965; Hyde, Bevan & 
Eyring, 1966). The intermediate phases constitute a 
homologous series of formula MnOzn-2. Their struc- 
tures have not been determined, although Baenziger, 
Eick, Schuldt & Eyring (1961) have established the 
rhombohedral cell of Tb7012, and Sawyer, Hyde & 
Eyring (1965) have reported probable symmetries and 
pseudo-cells for several PrnO2n-2 phases. 

In the non-stoichiometric phases the disorder can 
no longer be considered as a random distribution of 
point defects; i.e. vacancies or interstitials in the host 
lattice, and it has been suggested that grossly non- 
stoichiometric phases at equilibrium are microhetero- 
geneous in character; that they consist of disordered 
small regions or microdomains of two kinds which 
differ in both 'structure' and 'composition' yet are 
coherent in the sense that the degree of misfit across 
the microdomain boundaries is very small (Wadsley, 

* Part I: Bevan & Kordis (1964). 
Part II: Bevan, Barker, Martin & Parks (1965). 

1955; Ariya & Popov, 1962; Anderson, 1963; Wadsley, 
1963; Anderson, 1964). Implicit in this description is 
the suggestion that the short-range order which char- 
acterizes a microdomain structure is of a kind which 
also occurs and extends to long range in an ordered 
stoichiometric phase of the system. To understand the 
disordered phases, it is therefore important to know 
the structures of the intermediate ordered phases, and 
to determine the common structural principle which 
relates the members of a homologous series. 

In most ternary or pseudo-binary systems of the 
same type (e.g. CeO2-Y203: Bevan, Barker, Martin & 
Parks, 1965), the non-stoichiometric phases ~ and a 
occur at high temperatures, but no evidence of ordered 
intermediate phases at lower temperatures has been 
found. This may be due to the sluggishness of cation 
rearrangement at temperatures low enough for inter- 
mediate phases to be stable, in contrast to the rapidity 
of electron rearrangement which effects an ordered 
distribution of + 3 and + 4  cations in the binary sys- 
tems. The results of Lef~vre (1963) on the system 
Zr02-Sc203 are therefore of considerable interest since 
they show the occurrence in this system of three 
fluorite-related, intermediate phases, fl, 7, and 6 (Le- 
f6vre's designation). X-ray powder patterns of the ), 
and 6 phases were indexed as hexagonal and rhombo- 
hedral respectively. Rather wide compositional widths 
for these phases were reported although an ideal 
stoichiometry, Zr3Sc4012, was suggested for the &phase 
(Collongues, Queyroux, Perez y Jorba & Gilles, 1965). 
(Phases of this composition in the binary systems have 
been designated l by Hyde, Bevan & Eyring, 1966.) 
Further work (Bevan & Thornber, to be published), 
in which samples of the coprecipitated hydroxides were 
reacted at 1450 °C and cooled very slowly over a period 
of 2-3 weeks, has indicated much narrower composi- 
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t ional widths. This paper  reports the determination 
f rom X-ray powder data of the structures of y and fi, 
f rom which the ideal formulae ZrsSczO13 for ~, and 
Zr3Sc4012 for fi were derived, confirming in the latter 
case what had been suggested, and proposes a possible 
structural principle common  to  fluorite-related inter- 
mediate phases of general formula  MnO2n-z. 

Structure d e t e r m i n a t i o n  

Diffraction patterns were obtained with a Hfigg- 
Guinier  focusing camera  and strictly monochromat ic  
Cu Kex radiation. The patterns for each phase were 
indexed on the basis of  a non-primitive hexagonal  unit 
cell with ay=9.53(2), cr=17.44(2 ) A and a~=9.37(8), 
ce= 8.71(0) A. The primitive cell in each case is rhom- 
bohedral  with a=8.00(5)  A, ~=73.0(8) ° for ~ and 
a=6.14(4)  A, a=99.5(0)  ° for 6: the cell contents are 
respectively ZrloSC4026 and Zr3Sc4012. Observed (pyc- 
nometric) and calculated densities were respectively 
5.42 and 5-47 g.cm -3 for ~ and 4.84 and 4.85 g.cm -3 
for 6. The integrated diffraction intensities were meas- 
ured with a planimeter  f rom microdensi tometer  traces 
obtained f rom films exposed for t imes ranging f rom 
2 to 256 minutes.  Corrections were made  for the Lo- 
rentz and polarization factors, oblique incidence of the 
diffracted beam on the film, and for sample absorpt ion 
(Sas & de Wolff, 1966). The combined correction for- 
mula  is 

lobs is the integrated intensity, 0 the Bragg angle, fl the 
angle between the incident beam and the normal  to 
the sample surface (30°); a is the Bragg angle for the 
monochromator  (13°21'), p an appropriate l inear ab- 
sorption coefficient, t and d the thicknesses of  the 
sample and a single emulsion of  the film respectively, 
and p the multiplici ty of  the reflection. This formula  
includes a geometric term to take account of  the an- 
gular-dependent distance between sample and film 
inherent  in the Guinier  camera geometry. Fol lowing 
HeUner (1954), the geometric term sin 30 was used 
instead of the product  sin 20 cos ( 2 0 - f l )  for the ~,- 
phase data. However, the error introduced was shown 
to be insignificant. 

The powder patterns were obviously fluorite-related, 
and model  structures consistent with the three-dimen- 
sional Patterson functions and with the unit-cell con- 
tents were obtained in space group R3. In  these models  
randomized metal  atoms, oxygen atoms and 'oxygen 
vacancies'  were distributed over the various equivalent  
points at the ideal fluorite positions. Refinement  was 
carried out on a P.D.P.6 computer  by a block-diagonal  
least-squares method (Rae, 1966) followed every few 
cycles by a calculation which reallocated the intensity 
of each powder line among its constituent reflexions 
in proport ion to the calculated structure factors, in 
accordance with the requirement  of  the space group 
in which mirror  and glide planes are absent. Incidental  
overlap of lines was also allowed for in this calculation. 

Ieorr = const. 
lobs sin 0 sin 20 cos (20--fl)  

p(1 +cos  2a COS220) 

see r -  sec ( 2 0 - f l )  

[exp { - p t  sec ( 2 0 . f l ) } -  exp ( - / z t  see fl)] [1 - exp { - p d  sec (20- f l )}]  " 

Atom position x 
M(1) 3(a) 0.0000 
M(2) 18(f) 0-2222 
M(3) 18(f) 0-2310 
M(4) 3(b) 0.0000 
O(1) 18(f) 0.1972 
0(2) 18(f) 0.2066 
O(3) 18(f) 0.2161 
0(4) 18(f) 0.2444 
0(5) 6(c) 0.0000 

Atom position 
M(1) 3(a) 
M(2) 18(f) 
0(1) 18(f) 
0(2) 18(f) 

x 
0"0000 
0"2114 
0"1900 
0.2102 

Table 1. Comparison of final parameters with those of fluorite 

All atom positions are for the hexagonal setting of R]. 

y-Phase Zr10Sc4026 
Fluorite Fluorite Fluorite 

• a(x) (x) y a(y) (y) z a(z) (z) B ~(B) 
0.0000 0.0000 0.0000 0.0000 0.0000 0-0000 0.0000 0.0000 0.70* - 
0.0003 0 .1905  0 .2618  0 .0003  0 .2381  0 .1721  0.0002 0.1667 0.53 0-04 
0.0003 0-2381 0 .0427  0 .0003  0.0476 0.3266 0-0002 0.3333 0.88 0-04 
0.0000 0.0000 0.0000 0.0000 0.0000 0.5000 0-0000 0.5000 0.70* - 
0.0016 0 .1905  0.1976 0 .0015  0 .2381 0.0569 0-0009 0.0417 0.89* - 
0.0016 0 .2381 0 .0421  0 .0018  0.0476 0.2044 0 .0008  0 .2083  0.89* - 
0.0017 0 .1905  0.2572 0 .0018  0 .2381  0.2929 0 .0008  0.2917 0.89* - 
0.0018 0 .2381  0.0790 0.0016 0.0476 0.4540 0 .0008  0 .4583  0-89* - 
0.0000 0.0000 0.0000 0.0000 0.0000 0 .3523  0 .0015  0.3750 0-89* - 

d-Phase Zr38c4012 
Fluorite Fluorite Fluorite 

~r(x) (x) y ~r(y) (y) z a(z) (z) B cr(B) 
0"0000 0"0000 0"0000 0"0000 0"0000 0"0000 0"0000 0"0000 1 "00 0"10 
0"0003 0"1905 0"2541 0"0003 0"2381 0"3497 0"0002 0"3333 1"26 0-04 
0"0012 0"1905 0"2117 0"0012 0"2381 0"1142 0"0011 0"0833 1"27 0"20 
0"0012 0"2381 0"0335 0"0012 0"0476 0"3926 0"0011 0-4167 1"55 0.20 

* Denotes parameters not refined independently. 
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Each set of planes was given an individual weight which 
was determined by the precision of the intensity meas- 
urement and the number of independent overlapping 

reflexions contributing to the line. Thus the unambigu- 
ous hOl reflexions were given a weight of 1, those lines 
derived from splitting of fluorite lines were given high 

Table  2. Bond lengths and angles 
Primes refer to symmetry related atoms in adjacent asymmetric units. 

Polyhedron around metal (l) 
M(1)-O(l) 2.13 .~ 

Polyhedron around metal (2) 
M(2)-O(1) 2"08 ,~ 
M(2)-0(2) 2"10 
M(2)-0(3) 2" 11 
M(2)-0(4) 2"20 
M(2)-O(l') 3"62 
M(2)-0(2') 2"27 
M(2)-0(2") 2"28 
M(2)-O(4') 2.05 

Polyhedron around metal (3) 
M(3)-O(2) 2-14 .~, 
M(3)-O(3) 2-20 
M(3)-O(4) 2.24 
M(3)-0(5) 2.08 
M(3)-O(3') 2"06 
M(3)-O(1) 2.17 
M(3)-O(3") 2.29 
M(3)-O(l') 2.78 

Polyhedron around metal (4) 
M(4)-O(5) 2.58/~ 
M(4)-O(4) 2.21 

~,-Phase Zr105c4026 

O(1)-O(1') 2.73 A, 

O(1) -O(2') 2"53 
O(l) -0(2) 2"99 
O(1) -O(4') 2"55 
0(2) -0(3) 2-53 
0(2) -0(2')  2"73 
0(3) -0(4) 2.55 
0(3) -0(2")  2.65 
0(4) -0(2 ')  2.69 
0(4) -0(4 ')  2-61 
0(4 ')-0(2")  2.70 
0(2) -0(2")  3.12 
O(1) -0(2")  3.35 

0(2) -0(3) 2"53 
0(2) -0(1) 2"53 
0(2) -0(3")  2"65 
0(3) -0(5) 2"51 
0(3) -O(l ') 2-73 
0(4) -0(5) 2"72 
0(4) -O(3') 2"55 
0(4) -O(1') 2"55 
0(5) -0(3")  2-51 
O(3')-O(1) 2"74 
O(1) -O(1 ') 2-73 
O(3')-O(3"') 2"52 

0(5)-0(4) 2"72 A 
O(4)-O(4') 2"61 

Metal-metal distances in asymmetric unit 
M(1)-M(2) 3.800 A 
M(2)-M(3) 3.434 
M(3)-M(4) 3.642 

O(l) -M(l ) -O( l ' )  80.0 ° 

0(1) -M(2)-0(2')  71.1 ° 
0(1) -M(2)-0(4') 76-2 
0(2) -M(2)-0(3) 74.0 
0(2) -M(2)-0(2')  77-3 
0(3) -M(2)-0(4) 72.6 
0(3) -M(2)-0(2")  74.5 
0(4) -M(2)-0(2') 74.1 
0(4) -M(2)-0(4") 75.6 
0(4')-M(2)-0(2") 77.0 

0(2) -M(3)-O(3) 71 "3 ° 
0(2) -M(3)-O(1) 72.0 
0(2) -M(3)-O(3") 73-5 
0(3) -M(3)-O(5) 71.7 
0(3) -M(3)-O(l ')  65"3 
0(4) -M(3)-O(5) 77"8 
0(4) -M(3)-O(3") 72"7 
0(4) -M(3)-O(l ')  59"8 
0(5) -M(3)-O(3") 69"8 
O(3')-M(3)-O(1) 80"6 
O(1) -M(3)-O(l ')  65"6 
O(3")-M(3)-O(3") 70"7 

0(5)-M(4)-0(4) 68-7 o 
0(4)-M(4)-0(4')  72"4 

Polyhedron around metal (1) 
M(1)-O(1) 2.13/~ 

Polyhedron around metal (2) 
M(2)-O(1) 2-08/~ 
M(2)-O(l') 2"55 
M(2)-O(l") 2.03 
M(2)-0(2'") 2.27 
M(2)-O(2) 2"07 
M(2)-O(2') 2"22 
M(2)-O(2"') 2"08 

Metal-metal distances 
M(1)-M(2) 3.761 ,~ 
M(2)-M(2) 3"421 

~-Phase Zr3Sc4012 

o(1)-o(1) 2"74/~ 

O(1) -0(2) 
O(1)--O(1') 
O(1)--O(2') 
O(1)--O(2") 
O(2)--O(1') 
O(2)--O(2"') 
O(2)--O(1 ") 
0(1') -0(1 ") 
O(1")-O(2') 
O(1")-O(2'") 
O(2")-O(2') 
O(2")-O(2'") 

3"12 
2"70 
2"61 
3"00 
2"75 
2"62 
3"18 
2"74 
2"75 
2"61 
2"61 
2"62 

Average estimated standard deviations 
M-O distance 0.02 A 
O - O  distance 0.03 
M-M distance 0.004 

O-M-O angle 0.6 ° 

O(I)-M(1)-O(1) 79-9 ° 

O(1)--M(2)-O(l ')  70.4 ° 
O(1)--M(2)-O(2') 74.6 
O(2)--M(2)-O(1') 72.1 
O(2)--M(2)-O(2'") 74.0 
O(1') -M(2)-O(1") 72-6 
O(1")-M(2)-O(2') 80.6 
O(1")-M(2)-O(2"') 74.4 
O(2")-M(2)-O(2') 74.7 
0(2")-M(2)-0(2"") 73.8 

Average estimated standard deviations 
M-O distance 0-01 A 
O - O  distance 0.02 
M-M distance 0.004 

O-M-O angle 0.4 ° 
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weights (0.7-0.9), and the  remaining superstructure ture (more if the symmetry were reduced to R3). Only 
reflexions were given weights ofless than 0.5. Provision one of these refined satisfactorily to give a value of 
was made in the intensity reallocation program to in- R = I  liFo]- IFc[I/! [Fol of 0.078 with all reflexions in- 
crease the relative weighting of these superstructure eluded. In this 36 metal and 72 oxygen atoms were 
lines as the refinement proceeded and it became obvious accommodated in positions 18(f), 6 metal atoms in 
that they were accounted for adequately by the model, positions 3(a) and 3(b), and 6 oxygen atoms in posi- 
Positional parameters of the metals were refined first, tion 6(e) of the hexagonal representation, with the 
followed by those for oxygen. In the next stage tem- refined parameters shown in Table 1. The use of ionic 
perature factors for the general metal atoms were al- rather than atomic scattering curves gave a slightly 
lowed to vary, and finally all positional parameters higher R value. Difference-Fourier plots gave no indi- 
were allowed to refine together. Refinement was con- cation at any stage of metal ordering; any attempt to 
tinued until the calculated shifts were about half the introduce metal ordering into the model for refinement 
estimated standard deviations. Because of the limited led to an increased R value. The maximum peak height 
angular range of the reflexions, temperature factors on the final difference-Fourier plot was less than 3% 
cannot be expected with any accuracy, and oxygen of a metal peak, and interatomic distances and angles 
temperature factors were not refined for the 7 phase. (Table 2) were all reasonable. The standard deviations 
Atomic scattering factors were taken from the paper as computed (Table 1) are probably too small because 
by Cromer & Waber (1965). of the optimization of overlapping intensities, but even 

The choice of space group R~ was justified by the if they are doubled the result is still good. A total of 
results; it was felt that because of the limited data 27 parameters was refined from the 101 powder inten- 
available a statistical test for centrosymmetry would sities measured. Table 3 contains a comparison between 
be of marginal value, observed and calculated intensities. 

With maximum use of general positions, only three For the 6-phase only one sensible model in R3 was 
sensible models could be found for the 7-phase struc- obtained. With atomic scattering factors this refined to 

Table 3. Observed and calculated values of sinzO and intensity for the 7 phase 
sx~o sn~o ~ ~ ~- ~vm CAU:m.~m S~O sn~o ~ ~ ,- o~smvm ct,nunU.m sm2o sm~o ~ ~ I, ~vm e a u r ~ w . ~  
ossmvm ~i~nm m'nmsrr~ m'nmsrrr os~mwm c~u:un~ x.v~asrrr ~s':z,sr~ c~smvm CA'e.O~A~m m ' n ~ s n - z  n ~ ' m ~ i ~  

0.0105 000107 1 0 1 0.06 0.~ 0.:~8 (0.2350 0 "O.~349 ~ 03 7 ) 0.35 0.~7 o.o1~ 00~" o ° 1o ~ o.oi o.~ .~ 
o.o~ o.~7~ o.oo o.oo o.~ o.~,~ (~ o o.~) 1.19 
3,0~59 9.0~61 0.0}6~ 0.0968 1 ° 1 o o.16 0.19 

0.04 o.0~ 0.~80 o.~}80 (~ 1 ~ "~) 1.45 1.46 
0.0~// 0 . 0 3 8 9 1 0  i 0.~9 0.39 
0.042.) o. 0/.,~ 6 1 ~ 0 2 0.::.6 0.18 0.2439 0.:~4/,0 0 I 11 0.07 0.0~ 

o.~,~ o.o,~7 (i f . ~  o.91 o.,o o.~7 ~.~4,~ (~ ~ .~ ~.17 ,.~, 
o.o~ o.o,~ o 1 ~ 0.04 o.u o.~n, o.~i~ (~ ~, ~) ~.~ ~o.~ 

2 
o.,,~ I ~' ; -~I 

1 o.~ o.~ (~ s _.) ~.7o ~.~1 

o.,~, 0.~(~ (,~. ~ -~) 19.~7 19.47 
o.n~l o.~ o ~ i~ o.~7 o.~ 
0,!17(2 0.3764 (i 1 -1 ) 0.43 0.67 

00076 0.07o2 0 0 ~ 1 , .~  1 , .~  0 . ~  0.39~ c~ ; _~, 1.16 o.92 
0.~°'07~° °'~'~.~i ~' 0° ,° 0.~°"2' 0.,°'~ 0.~,~, 0 . ~  (~ ~ . I ~  ~, . , ,  - . ' ~  0 . ~ ,  0.39,~ (~ ~ -~I i.~, 1.,9 
0 . ~  0.~2~ (~ ~ ~ ~ , 0  1 , .~  0 . ~  ~ . ~ 0  (~ ~ _~ 1 .~  0.~ 0 . ,~ ,  0 . 4 ~  (~ ~ - ~  °.o9 0.~ 

~ ~ . ~  ~ . ~ ,  (~ ~ ~ 0.4, 0 . ,  0 , ~ 9  0 . , ~  ~ ~ ~ 0 .~  0.,~ 
0.~,9 c~ ~ _~ i . ~  1.0~ ~ . ~ ,  ~ . 2 ~  0 , ~ 1,~ 1.~ 

° ' ~  ~ 0 . ~  cl I ~ 0 . 2 ~  0 . ~  ~ ~ 0.6 I~ ,~ _ 0 . 1 1  

0 . 1 ~  - 0 . ~  ~ ' ~ ' ~ '  ~ ~ ~ 0.,o 0.,, 0 . ~  0 . ~  c1 , oI~ ~.~ 1.~ 0 . 4 ~  0 . 4 ~  c~ ~ _-~ 1.,0 1.~ 

0 . 1 ~  0.1~ ,~ ~ -~ 0.1~ 0.~ 0 .=~  ,~ ~ _~ ~ 
0.11~,0 0.1~,~ ~ ~ -I~ 1.~ i.,0 0.~-,, ~ . ~  ~ ~ ~ ~.~ ~.~ 00~77 ~, , 0 ~ , ~ , ~  

0.~,i0 0.~,~ 0 0 ~ , . ~  ,.,~ ~ . ~  0 . ~  ~ ~, _~ 0.,, 0.i, 
" °"° 

o.~8& o.&286 ( ) 1.4/. 1.~ o.1~7 o.~o (~ ~ _~ o.,~ o.,~ o.~, ~'~ (~ 4 .~I 1.~ I.,1 o 
0o1901 0,1304 o 2 7 0.29 0.~ 

11) 0.40 00~ 0.4345 0.4343 ( 20074 9.13%C %1335 0 1 8 1.41 1.40 3. L~ILI 0. L9 £9 (1 -I/ )) 23.)8 
~.lz/.~ ).I~/~ 0 I 0.63 0,84 7 

1 ~.~,~ o.= ~$ ~-i~ 0.8, ~., o.,~i o.~11 (, ~ ~ 1.~ 1.~ o,~ o.4~ (~ ~-Io) ~.49 ~.~ 
~ .1~  , . ~  , 4 ~ 0.9, 0.~ 0 . ,~ ,  ~ 0 . , ~  ° . , , 2  (I , ~ - ~  ~.94 11.,~ 

( .lot ~ Im ~.~,~ o.~ ~ ~ _~ ~.~ 1.9~ o.,o70 o.~o~ (I I ~=~ 
0.1578 3.i~80 0 0 9 0.05 0001 (81.~.RR~) ( 1 - DET~RMINATI~ 0,4~77 0.4579 ( 5 ) ) i~.16 13.67 o.~9~ o.i~9~ ~ o , o.~ o.71 o.~o~ (~ ~ -1o o 

, o., o.,1  o , 7 
o.~, o.,I,, ~ o o ~.~ 0.6 o.,~ o.,~,7 (~ I ~. ~.,7 1,.oo 

o.~7~ o.1~7, (~ _I~ ~.91 ,.i~ o.,~,4 °.'~ (I ~ "~' 1.o, o.9o 
0.170£ 0.170~ 0 4 0.0~ O.O~ 004(~)4 0,4689 4 0 13 0,06 0007 

o.17,, o.~747 ,!~.~ o.,~ o.~ o.,~,~ o.,~ ,~ ~_I~ o.~ o.,, o.4,oo ,~ ~ _~ i.,~ ~.o, 
o.~,, o.~,~ (~ I ~ ,,.7~ ~., o.,~o o.,,~o (~ o ° _~, 1.~ 1.~ o.47o, (o.,~, (~ o _~ 

~.,9~ (~ ~ ~ 0,~49 0.4~ ~ -~ 0.79 1.~ 
9 . 1 ~ 8 ~  o.1881 o I 0.06 o.13 o.~)9~. ( 7i 1.9o 1.9o 7 

2 .~n) o.~ 0.77 o.~7 ,.1~7 (2' 2', .~ ~.9~ 1.~, 00,,4 (~ 2' . o.~o~ o.4~ (~ 

o.~o 1.oo o.~o ~.,4o~ o.,1 00,0 00~ (~, ~.2~ ~'~ (~ , -'~ (i ~. °""I (o.~o ~I ~ ~., ~.4o 

o.~o~6 o.~o~7 1 o io o.~ 0.46 o.34a~ o.~ ~ o S i.~o 1.16 _~ 
o.2~ o.~ (~ i, _~, i.~o 1.~ o.,~9~ o.,4~ (1 ~-~' o.,~ 00,0 0.49,0 (~' ~ i ~ "  

o.49~o ( . . . .  (~ "~ ~i! ~:~.~,zo. 
o.~ o.~ (~ ~-~  1.,, 1.07 o.~,29 o.,,~4 (~ ~ -,t~ o.~ 00, (,~,~,% ..... 
o.~19~ o.ag~ o ~ 1 o.~ 0.52 (~ 
o.2~sg o.2~ss s o ~ o.~o o.~ o.49v~ I~ 
3.2295 3.2"298 0 ~: i0 0.3/. 0.41 
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an R value of 0.064. In this model 18 metal and 36 
oxygen atoms were accommodated in positions 18(f) 
and 3 metal atoms in position 3(a) of the hexagonal re- 
presentation. The parameters and standard deviations 
are shown in Table 1. Fifteen parameters were refined 
from the measurement of 50 reflexions (Table 4). Again 
no evidence for metal ordering was found; the dif- 
ference-Fourier plot for this structure was even flatter 
than that for the ),-phase. Bond distances and angles 
are shown in Table 2. For both phases all the allowed 
reflexions were observed. 

Structural details 

Both structures are rhombohedral distortions of the 
fluorite lattice, one of the four cubic [111] directions 
becoming the unique inversion triad axis. Fig. l(a) 
shows the projection of the fluorite atom positions on 
the (0001) hexagonal plane which is common to the 
idealized structures of both y and 6. All three struc- 
tures are very similar, but )' and 6 show differences of 
detail due to the different compositions and also to 
slight differences in the degree of distortion from the 
ideal. Fig. l(b) shows for the )' phase the oxygen atoms 
in the vicinity of a threefold rotation axis chosen to 
pass through atoms in the A layers of the cubic-close 
packed sequence. Relative to the MO2 composition 

of fluorite there are six oxygen positions in the hexago- 
nal unit cell which are not occupied. These 'vacancies' 
are distributed two to each threefold axis so that the 
special metals lying on these are alternately 6- and 8- 
coordinated as shown in Fig. l(b). For the 6 phase 
these special metals are all 6-coordinated: no oxygen 
atoms occur in the threefold axis, so that the ideal 
structure has half the c dimension of the ideal )' phase 
shown in Fig. l(b), and its ideal composition is M7012. 
In the fluorite structure all oxygen positions in the 
threefold axis are occupied. 

In both the )'- and 0-phase structures the missing 
oxygen atoms result in 6-coordinated metal atoms at 
the corners of the rhombohedral unit cell. In the former, 
the distribution of oxygen 'vacancies' can be described 
as a diamond lattice in which the 'bonds'  parallel to 
the trigonal axis are shorter (4.36 h,) than the other 
three (5.69 A). In the latter structure two such 'vacan- 
cy' lattices interpenetrate. 

The four different MOx coordination polyhedra oc- 
curring in the )' phase are shown in Fig. 2. The dotted 
cubes each represent the MO8 coordination polyhedron 
of fluorite. Fig. 3 shows the stacking sequence of MOx 
polyhedra (represented by cubes) around the threefold 
axis. With respect to the ideal fluorite positions 6 oxy- 
gen atoms coordinating metal (1) have all moved to- 
wards the metal and towards the 'oxygen vacancies', 

Table 4. Observed and calculated values of sin20 and intensity for the 6 phase 
SDI28 SIN28 H K L OBSERVED CALCULATED SIB2e SIN2e H K L OBSERVED CALCULATED 

OBSERVED CALCULATED INTENSITY INTF~SITY OBSERVED CALCULATED IBTENSITY IRTENSITT 

0.0174 0.0168 1 0 1 0.1 0.0 0. ,10t 
0.0267 0.0270 1 1 0 1.1 1.0 
0.0400 0.040t 0 1 2 1.1 1.6 
0.04t5 0.04,8 0 2 1 0.1 0.7 0.,127 
0.0672 0.067,20 2 0.1 0.1 

0.0704 0 0 5, 
0.0705 ( 1 2 "~I ) 94.6 91.0 0.1240 

0.0708 (2 1 0.1184 
0.0805 0.08o9 I 0 0 0.2 0.2 0.1400 

1 2 2 
0.0942 0.0942 (2 1 _2 ) 20.0 21.7 

0.0972 0.0974 (I 1 ~> ,6 54 0.t502 
0.1077 0.1079 2 2 0 1.5 1.4 0.,620 

0.1246 0.1247 ( , 1 ) 4.2 5.2 
0.1641 
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0.1517 4 0 1 0.,665 

0 ~)) b.7 5.2 0.1514 ( 0 " 1 5 1 t  ( ,  0 - • 0 . t 7 7 4  
0.1611 0.1611 0 2 4 ~.5 5.1 
0.1749 0.1752 0 ~ 2 O.b 0., 0.189, 
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o.1882 o.~081 (~ ; 4) 
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/0.2t27 0 5 1 ) 1.7 1.1 0.2118 "0.2t15 2 0 5" 0.4212 
I -41 0.2421 

( l  5 4 8.2 7.5 0.2424 (0.2428 5 0 ) 0.4,10 

0.2589 0.2585 (!4 11 -})), 0.4470 
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0.2820 o2~16 o 2 ? ~ ~) 242 241 0.4708 
0.28,4 0"2851 (~ 4 -2" 
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I I 6 
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I -2 
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o.tlt2 (~ ~ _~)) 
( 1 -5 )5 

t .2  t .6  
o.5124 (~ , 
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( 6 I %6 %0 
o.1945 (I 6 "I ) 

i _:) 4.0 1.5 0.4019 (~ 5 
1 2 
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0.4t17 : 4 0 1.4 1.6 
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the O(1)-M(1)-O(1) angle increasing from the ideal 
value of 70.52 ° to 80.0 ° . These adjustments are ex- 
pected to compensate for the two 'oxygen vacancies'. 
Similarly the neighbouring oxygen atoms have all moved 
towards the 'oxygen vacancy' in the coordination shell 
of metal (2) which becomes 7-coordinated. In addition 
a second-nearest neighbour has moved up almost to 
within bonding distance. Metals (3) and (4) are 8- 
coordinated; in the former, one oxygen atom has 
moved away about 0.6 A from the metal whereas in the 
latter all the M-O distances have increased. These re- 
suits fit the general observation that the lower the 
coordination number the  shorter are the M-O dis- 
tances. The distance M(1)-M(2) (across an 'oxygen 
vacancy') is increased by mutual repulsion to 3.80 A, 
whereas the M(3)-M(4) distance (3.64 A) is what would 
be expected in a fluorite array. 

The rhombohedral distortion thus appears to be due 
entirely to the 'oxygen vacancies', and there is no evi- 
dence to suggest metal ordering as a cause. The 
changes are all rational, and the movements of the 
oxygen and the metal atoms can be explained on elec- 
trostatic and steric grounds. Because of the similar 
ionic radii of scandium and zirconium, ordering would 
only be expected on the basis of charge differences, 
and the result suggests that the structure may not be 
strongly ionic in character, in agreement with the better 
results obtained using atomic scatterers. 

In the J phase only M(1)O6 and M(2)O7 (see Fig. 4) 
coordination polyhedra occur. Within the limits of 
the estimated standard deviations, the M(1)O6 poly- 
hedra in both y and J are identical. The M(2)O7 poly- 
hedra in the two phases are, however, significantly dif- 
ferent, although in both cases there is the now familiar 
movement of neighbouring oxygen atoms towards the 
'oxygen vacancy', and in general the metal-metal and 
metal-oxygen interrelationships are similar to those 
of the y phase. Furthermore, there is a difference in the 
stacking sequence of these polyhedra around the 

A 

(a) 

threefold axis (Fig. 3); for the J phase this can be re- 
presented as 1, 2, 2, 1 (¢f. 1, 2, 3, 4, 3, 2, 1 for the y 
phase). 

Discussion 

The y-phase structure has not been reported previously. 
Indeed, apart from this study and the work of Lef~vre 
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Fig. 1. (a) Projection of  the fluorite a tom posit ions on the (001) hexagonal plane. The unit cell shown is c o m m o n  to the ideal struc- 
tures of  both  ), and J. (b) The stacking sequence of metal and oxygen layers, and the a toms in the vicinity of  a threefold 
rota t ion axis chosen to pass through A a tom sites for the ~ phase. The c dimensions of the idealized ?, structure, fluorite and 
are also shown. In fluorite all oxygen sites in this axis are occupied;  in J all are vacant. 
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(1963), the only other compound of this formula 
(M7013) and similar unit-cell dimensions is the oxyni- 
tride ZrTOI1N2 described briefly by Gilles (1964). It 
seems possible that Bartram's (1966) 'rhombohedral 2' 
phase in the system U + Y + O is also analogous. The 
composition range given is U z Y 5 O I 3 . 5  to U l . v s Y 5 . 2 5 0 1 3 . 1  

although the unit cell quoted is similar to that of the 
'rhombohedral 1' phase (UY60~2). 

The & phase in the ZrO2-8c203 system is apparently 
isomorphous with the phases Zr7OsN4 (Gilles, 1964), 
Zr3Tm4012 and Zr3Yb4012 (Bevan & Thornber, to be 
published), although evidence of cation ordering in 
Zr3Yb4012 has been obtained and might be expected as 
the sizes of the two cations become less similar. Es- 
sentially the same structure was reported for the phases 
XO3.3M203 [X = Mo, W, U; M = rare-earth: Bartram 
(1966)], and has long been accepted for the M7012 (M = 
Ce, Pr, Tb) compounds of the binary rare-earth oxide 
systems (Baenziger et al., 1961). In the former, the 
cations are ordered, the X atoms being 6-coordinated 
and the M atoms 7-coordinated; in the latter, at least 
partial cation ordering into the 6-coordinated site is 
likely because of the considerable difference between 
the sizes of the + 4 and + 3 cations: complete ordering 
would involve a reduction in symmetry, at least to 
R3. 

I 

~ . ,  I i , ,  ',,// 

METAL 1 

A structural feature of all these isomorphous, 
M7012 phases is the existence of infinite strings of 6- 
coordinated cations along the threefold axes, which are 
surrounded by contiguous sheaths of 7-coordinated 
cations. The 'anion vacancies' in the ideal fluorite struc- 
ture lie on those body-diagonals of M(1)O6V2 cubes 
(V= vacancy) which are threefold axes. 

These same infinite strings of 6-coordinated cations 
are present in the C-type rare-earth oxide (M203) 
structure, but lie along all four [111] cubic directions 
and interweave so that two 'oxygen vacancies', one 
from each of two strings, lie across the face-diagonal 
of an M(2)O6V2 fluorite cube (Fig. 5). In this structure 
therefore there are two kinds of 6-coordinated cations- 
those in the strings, M(1) (¼ of the total), and the 
M(2) cations (¼ of the total), whose 6-coordination 
results simply from the manner in which the strings 
interweave. 

In the light of these considerations it was proposed 
(Hyde & Eyring, 1965; Hyde, Bevan & Eyring, 1965) 
that the string is the structural entity generating the 
homologous series of fluorite-related phases MnOzn-2, 
and model structures for Pr9016 and Pr]2022, based on 
this principle and consistent with the observed powder 
diffraction data from well-ordered samples, have been 
put forward (Sawyer et al., 1965). 
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Fig.2. Metal atom coordination polyhedra in the 7 phase. Dotted lines represent the cubic coordination of the fluorite lattice. 
The metal (1) polyhedron is the same in both 7 and 6. 
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Fig. 6. 7F (left) and I (right) units. 

Fig. 8. di Phase - built up entirely of I units. 

L 

Fig.7. 7 Phase - interpenetrating networks of I and 7F units. 

[To face p. 1190 
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It now appears that this proposal is not entirely cor- 
rect; the structure of Zr5Sc2013 (n = 14 of the series) as 
reported here does not contain these strings. The 
basic units are rather a 6-coordinated cation asso- 
ciated with six 7-coordinated cations (M7036; desig- 
nated I), and a similar grouping of 8-coordinated ca- 
tions which is simply seven edge-sharing MO8 units 
of fluorite (M7038; designated 7F). These are depicted 
in Fig. 6. The y-phase structure is built up by edge- 
sharing of equal numbers of I and 7F units all oriented 
parallel to the threefold axes, and consists of interpene- 
trating networks of two kinds which fill space as shown 
in Fig. 7. In the d-phase structure (Fig. 8) there are 
only fully edge-shared I units all oriented parallel to 
the threefold axes. For both structures the relation- 
ship to fluorite is evident. The existence of strings is 
simply a consequence of this latter and other types of 
edge-sharing of I units inherent in the idealized struc- 
tures postulated for Pr9016 and Pr12022 (Sawyer et al., 
1965; Hyde & Eyring, 1965). The basic structural prin- 
ciple in all these MnO2n-2 phases, however, appears to 
be the ordered arrangement of edge-sharing I and x F  
units (where x is an integer which may vary from one 
structure to another): they consist of coherent, ordered 
regions or microdomains of M7012 and MO2 (fluorite). 

This microdomain description can be extended to 
include the stable, high-temperature non-stoichiomet- 
ric phases a (C type) and e (fluorite type). These have 
been observed although not yet clearly delineated in 
the zirconia-rare-earth oxide systems, but are well- 
defined in other closely related ternary systems. The 
structure of the fl phase in the system ZrO2-Sc203 also 
needs to be determined in the above context and this 
is presently being investigated. 

The authors express their gratitude to Drs E. N. 
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